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I. Introduction
Eureka! Eureka! What better way to excite and engage students than to bring
Archimedes into the classroom? Archimedes is widely regarded as the greatest mathematician of
antiquity. Very little is known about Archimedes’ personal life. Archimedes was born in
Syracuse, Sicily around 287 B.C., and he was the son of an astronomer. He probably studied in
Alexandria, Egypt under followers of Euclid. Today we know Archimedes as a brilliant
mathematician and scientist, he spent much of his career inventing war machines. Despite orders
not to harm Archimedes, his life was cut short in 212 B.C. when the Romans invaded Syracuse
and killed Archimedes at age 75, more information on the history of Archimedes can be found in
the article, Archimedes, by Chris Rorres of New York University.

This paper will take a closer

look at some of Archimedes’ most brilliant discoveries, and how they can be brought into the
classroom. Unlike Plato and other great minds before him, Archimedes solved problems with
anything and everything. That type of innovation and outside of the box thinking is exactly the
type of skills students will need to succeed in today’s world.
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II. Law of the Lever
a. Mathematical History of the Law of the Lever
As Archimedes once famously said, “Give me a place to stand and I can move the
world.” (Rorres). Levers are a simple machine utilized centuries before Archimedes and still
used today at construction sites, on crow bars, on scissors, and they can even be seen at seesaws
on playgrounds. A lever in its most basic form entails a beam on a fixed fulcrum on which
various weights are placed at various distances from the fulcrum. In A History of Mathematics
by Carl B. Boyer and Uta C. Merzbach, its discussed that, before Archimedes, Aristotle
published eight books titled Physics in which he discusses, among other things, levers. Although
Archimedes was not the first to use a lever or to formulate the law of the lever, he did write
extensively about the law of the lever. In one of Archimedes’ oldest surviving works, The
Method, Archimedes discusses the law of the lever. The law of the lever according to
Archimedes simply states: “Magnitudes are in equilibrium at distances reciprocally proportional
to their weights” (Rorres).
According to George Polya, Leon Bowden, and Arthur Benjamin in Mathematical Methods in
Science, Archimedes began by making several assumption based on his observations as he
demonstrated various cases of the law of the lever. The first assumption states that equal weights
at equal distances are in equilibrium.
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Based on the law of insufficient reason, there is no reason to expect either side to go down. By
the second assumption, the equilibrium will be undisturbed by replacing each weight, w, at either
end with 2w in the middle.

Based on these two assumptions, Archimedes looked at several specific cases. First, he
considered the case where five equal weights are equally spaced in, as shown in the diagram
below.

By the first assumption, it is clear that A and A’ balance each other, B and B’ balance each other
and since F is at the fulcrum it will not change the balance. Therefore, the diagram above will be
in equilibrium. Next, one can consider the case where w at A and w at B are replaced by 2w at C
which is the midpoint of AB, as shown below.
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If C is at the midpoint of AB, then it will be ½ unit away from B. Assumption 2 guarantees that
there will still be balance when 2w is placed at the midpoint of A and B. Therefore 2w at C,
which is placed at 1.5 units from the fulcrum, will balance the weights at A’ and B’. Therefore
preserving the equilibrium. Finally, Archimedes used assumption 2 to place w at F and w at A’
at B’ and still preserving equilibrium. By moving w at F, and w at A’ to B’, where there is
already w, this will leave 3w at B’. See the diagram below.

In the diagram C is 1.5 units away from the fulcrum, and B’ is still 1 unit away from the fulcrum.
Again, the equilibrium will be preserved. From this we see an interesting relationship, 2𝑤 ∙
1.5 = 3𝑤 ∙ 1. That is, if w1 and w2 are weight 1 and 2 respectively, and they are distances d1 and
𝑤

𝑑

d2 from the fulcrum, then 𝑤1 ∙ 𝑑1 = 𝑤2 ∙ 𝑑2 or equivalently 𝑤1 = 𝑑2 .
2

1

If this relationship holds,

then the lever will be in equilibrium.

b. Lesson on Levers
Since levers are used throughout today’s society, it is only natural that students should
study them to better understand how they work. The following lesson would be appropriate for
an Algebra 1 class. By the end of the lesson, students will be able to understand how to work
and balance a lever, and solve simple proportions using the law of the lever.
6

Class would begin with a discussion on the lever most common to children, seesaws. If possible,
students could take a field trip to a nearby playground to facilitate such a discussion. If a nearby
playground does not have a seesaw, a demonstration could be done using a small tabletop lever
and weights in the front of the room, such as the one shown below from Science Lab Supplies.

The teacher could request two volunteer students approximately the same size to balance on the
seesaw. After balancing the seesaw, the teacher could ask what the students notice about their
distance from the center, and how they were able to balance. After the brief discussion, a third
volunteer student could be instructed to carefully get on the seesaw, which will disrupt the
balance. The teacher could inquire why the students think the balance is disrupted, and ask them
to restore the balance again. After balancing the seesaw, the teacher should inquire what the
students notice about their distance from the center and how they were able to balance. Students
should observe that students of similar weight are able to balance on the seesaw when they are
equidistant from the center. They should also note that if another student carefully gets on the
seesaw when in balance that it will no longer balance, unless of course they are sitting on the
fulcrum. They should also notice how students of different sizes must move to balance the
seesaw. That is, the heavier student must move closer to the center of the seesaw in order to
balance the seesaw.
After returning to the classroom, the teacher could explain how a seesaw is an example of
a simple lever, that levers have been around for centuries, and Archimedes famously showed
7

how levers work. First, the class could begin to discuss what they observed on the seesaw
outside. They should suggest things such as: Equal weights will only balance at equal distance
from the fulcrum, if two weights are in balance and something is added it will no longer balance,
and if two weights balance and we take one away it will no longer balance. After discussing this,
the teacher should share the law of the lever. The law of the lever simply states, that for two
weights, w1 and w2 and distances from the fulcrum, d1 and d2, then 𝑤1 ∙ 𝑑1 = 𝑤2 ∙ 𝑑2 or
𝑤

𝑑

equivalently 𝑤1 = 𝑑2.
2

1

To further illustrate Archimedes’ law of the lever, the teacher should show the following video
on levers: https://www.youtube.com/watch?v=YlYEi0PgG1g
After the video, the teacher could discuss with the class, examples of levers that students use or
have seen used.
Finally, class could conclude with several proportion problems applying the law of the lever.
1. If student 1 weighs 20kg and is sitting 6 feet from the fulcrum, how much should student
2 weigh in order to balance the see-saw at 6 feet on the other side of the fulcrum?
2. If student 1 weighs 20kg and is sitting 12 feet from the fulcrum, how much should
student 2 weigh in order to balance the see-saw sitting at 8 feet on the other side of the
fulcrum?
3. If student 1 weighs 20kg and is sitting 6 feet from the fulcrum, how far back should
student 2 sit if student 2 weighs 10kg?
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III. Volume of irregular solids
a. Mathematical History of the Volume of the King’s Crown
Few stories about Archimedes’ life are as memorable as Archimedes famous “Eureka”
moment. King Hieron II of Syracuse, Sicily requested that a local goldsmith fabricate a gold
crown for him. The king weighed out an exact amount of gold for the goldsmith to use. When
the goldsmith delivered the gold crown, and although the crown fit the weight requirement, the
king was suspicious that the goldsmith cheated him. The king was concerned the goldsmith kept
some of the gold for himself, while creating the crown out of a smaller amount of gold and an
added weight of silver. As a result, the king requested Archimedes to confirm his suspicions that
the crown was not pure gold, without damaging or melting down the crown. Without being able
to melt the crown, Archimedes requested time to think about this conundrum. One day
Archimedes was bathing in a public bath, and discovered that when he stepped into the tub the
water displaced was related to the volume of his body. Legend has it that Archimedes was so
happy, he leapt naked from the tub, and ran through the streets of Syracuse yelling “εὕρηκα,
εὕρηκα”, which is pronounced “heureka, heureka”. This translates to “I have found it, I have
found it” (Pollio, Schofield, and Tavernor). This was an important discovery, since there was
previously no way to find the volume of irregularly shaped solids.
Archimedes tested his discovery by making up two masses equal to the weight of the
crown, where one was gold and the other silver. He took a large vessel and filled it to the brim
with water. Archimedes then dropped in the silver mass, and measured the amount that
overflowed. He refilled the large vessel, and repeated the process with the gold mass. As a
result of this experiment, Archimedes realized that the gold mass displaced more water than with
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the silver mass. This implies that gold has a higher density than silver. Archimedes refilled the
large vessel and repeated the process a third time with the king’s crown. This time he discovered
that more water had been displaced compared to the silver mass, but not as much water was
displaced as the gold mass. Based on his findings, Archimedes was able to determine the ratio of
silver and gold that the goldsmith used to create the crown (Pollio, Schofield, and Tavernor).
After, his “Eureka” moment, Archimedes set to work to prove mathematically how he
could show the king’s crown was not pure gold. Archimedes wrote his findings in his book, On
Floating Bodies. He proved his findings as follows:
Let the weight of the crown = 𝑤 = 𝑤1 + 𝑤2 , where 𝑤1 and 𝑤2 represent the amount of gold and
silver, respectively. Let the volume displaced be represented by 𝑣. Let 𝑣1 represent the volume
of the water displaced when 𝑤1 enters the water, and similarly let 𝑣2 be the volume of the water
displaced when 𝑤2 enters the water. Then this implies that a weight 𝑤1of gold displaces
water, and a weight 𝑤2 of gold displaces

𝑤

𝑤2
𝑤

2

𝑤

𝑣1 of

𝑣2 of water. Therefore:

𝑣=

𝑤1
𝑤2
𝑣1 +
𝑣
𝑤
𝑤 2

𝑣=

𝑤1 𝑣1 + 𝑤2 𝑣2
𝑤

𝑣=

𝑤1 𝑣1 + 𝑤2 𝑣2
𝑤1 + 𝑤2

𝑣 −𝑣

𝑤1

1

𝑤2

2
This implies 𝑤1 = 𝑣−𝑣
, and furthermore if

𝑤1

𝑣 −𝑣

2
≠ 𝑣−𝑣
then the goldsmith did not make the crown
1

in the proportion of gold and silver given.
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b. Lesson on Volume of Irregular Solids
In geometry, students study formulas and problems to find the volume of many common
solids, such as prisms, cylinders, and spheres. However, in the physical world solids may not
always be so simple. It’s necessary sometimes to find the volume of an irregular shaped solid.
The following lesson would be an appropriate extension of a volume unit in a geometry class.
By the end of the lesson, students will be able to manipulate equations, and find the volume of
irregular solids.
This lesson would be an excellent opportunity for inquiry based learning. The teacher
can begin class, asking students how they can find the volume of an irregular shape like a clothes
pin. Since we cannot use the formulas we know for prisms, cylinders, or spheres, how can we
figure out the volume? Then the class would watch with the story of Archimedes famous
“Eureka” moment, as shown in a short video https://www.youtube.com/watch?v=ijj58xD5fDI.
After the video, students should pair up into teams of four or five. Then the teacher will pass out
a graduated cylinder, a small scale, and several irregular objects, such as a crayon, key, or
clothes pin, to each table of students. Then each team of students can weigh and measure the
water displacement to determine the volume of each object.
After seeing concrete examples of volumes of irregular shapes, the class could move on
to show what Archimedes proved to be true. The teacher should then explain to the class what
the variables represent in the equation, 𝑣 =

𝑤1 𝑣1 +𝑤2 𝑣2
𝑤1 +𝑤2

𝑤

𝑣 −𝑣

2
Then students will be asked to manipulate the variables to show that 𝑤1 = 𝑣−𝑣
.
2

1
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IV. The Sand Reckoner
a. Mathematical History of the Sand Reckoner and Exponents
Archimedes was always working on projects of big significance. So it should be no
surprise that Archimedes took it upon himself to invent a symbolic number system that would
allow him to designate the number grains of sand necessary to fill the universe. In
correspondence with King Gelon As translated by Ivor Thomas, Archimedes said:
“There are some, King Gelon, who think that the number of the sand is infinite in
multitude; and I mean by the sand not only that which exists about Syracuse and the rest
of Sicily but also that which is found in every region whether inhabited or uninhabited.
Again there are some who, without regarding it as infinite, yet think that no number has
been named which is great enough to exceed its multitude…But I will try to show you by
means of geometrical proofs, which you will be able to follow, that, of the numbers
named by me and given in the work which I sent to Zeuxippus, some exceed not only the
number of the mass of sand equal in magnitude to the earth filled up in the way
described, but also that of a mass equal in magnitude to the universe.”
Ivor Thomas further translated how Archimedes addressed this problem, and this section
summarizes and discusses this work that follows.
While addressing this problem, Archimedes invented not only a way to name large numbers, but
he also discovered the laws of exponents. These are discussed in the Sand Reckoner then used
them to estimate the number of grains of sand necessary to fill the universe, based on astronomy
of the day.

12

Up until Archimedes’ time in history, no one had needed names for numbers larger than a
myriad, which was 10,000. Based on the myriad, Archimedes concluded that numbers could be
expressed up to a myriad of myriads, which was 100,000,000. Archimedes then concluded that
all numbers up to 100,000,000 could be described as first order numbers, and 100,000,000 was
the unit of second order. Thus, all numbers up to (100,000,000)2 would be second order
numbers, and numbers up to the (100,000,000)3 would be third order numbers. This continues in
this manner and so on and so forth all the way to (100,000,000)100,000,000 which Archimedes
simply calls P. Then, Archimedes goes on to say that numbers from 1-P are the first period. So
numbers from P to 100,000,000P can be described as the first order of the second period, and he
continues this until the 100,000,000th order of the second period, which ends with
(100,000,000)100,000,000P or P2. Archimedes continues describing numbers in this way until her
reaches P100,000,000, which he calls a myriad-myriad units of the myriad-myriad-th order of the
myriad-myriad-th period.
After figuring out a practical way to talk about large numbers Archimedes proved using
the series: A1, A2, A3,… Am,…An, …Am+n-1,... where A1=1, A2=10 or equivalently the geometric
progression 1, 101, 102,… 10m-1,…10n-1,.10m+n-2,… is formed, if any two terms An, Am are
multiplied An∙ Am=Am+n-1. Archimedes first observed that terms equally distant from other
terms are, in fact, proportional. Therefore we can conclude that the following proportion must be
true

𝐴𝑚
𝐴1

𝐴𝑚+𝑛−1
𝐴𝑛

=

𝐴𝑚+𝑛−1
𝐴𝑛

. Since 𝐴1 = 1, this implies that 𝐴𝑚 = 𝐴𝑚 ∙ 𝐴1 . By substitution,

𝐴𝑚 ∙𝐴1
𝐴1

=

or equivalently: An∙ Am=Am+n-1 . More simply put, this is the law of exponents: 10𝑚 ∙

10𝑛 = 10𝑚+𝑛 .
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After determining a means to practically discuss large numbers, Archimedes went on to
estimate the number of grains to fill the universe. Archimedes relied upon the model of
Aristarchus of Samos. Archimedes described Aristarchus’s hypotheses as follows: “His
hypotheses are that the fixed stars and the Sun remain unmoved, that the Earth revolves about the
Sun on the circumference of a circle, the Sun lying in the middle of the orbit” 1. Archimedes also
defined the universe as being a sphere centered at the center of the earth, and whose radius is the
straight line between the center of the sun and the center of the earth.
Archimedes also made the following assumptions:
1. He assumed the perimeter of earth to be no larger than 3,000,000 stadia (1 stadia = 185
meters).
2. He also assumed that the diameter of the earth is greater than the diameter of the moon, and
the diameter of the sun is greater than the diameter of earth.
3. Archimedes also assumed that the diameter of the sun is about 30 times the diameter of the
moon.
4. The diameter of the sun is greater than the side of the chiliagon, a 1000 sided regular polygon,
inscribed in the greatest circle in the sphere of the universe.
5. He also assumed a quantity of sand taken is not greater than a poppy-seed, and that the poppyseed contains no more than 10,000 grains of sand. Furthermore, that the diameter of the poppy1

seed is no less than 40th of a finger-breadth.

Interestingly, Aristarchus’s hypothesis that the Earth revolved around the Sun was lost, and later independently
rediscovered by Copernicus.
1
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Finally, Archimedes did a small experiment to determine that from Earth, the angle subtended by
1

1

the diameter of the sun was less than 164th part of a right angle and greater than 200th of a right
angle. Based on these assumptions, Archimedes was able to demonstrate that the universe as
described by Aristarchus would contain at most 10,000,000 units of the eight order of numbers
or in modern terminology 1063.

b. Lesson 1 on Exponents
In order to calculate the number of grains of sand necessary to fill the universe,
Archimedes discovered important exponent laws and also applied important volume formulas.
Both of these topics are applicable in a high school curriculum in algebra and geometry.
The first lesson, would be most appropriate for an algebra 1 course. By the end of the
lesson students will be able to apply the exponent addition rule. This lesson would begin with a
short history about how Archimedes set out to do something incredibly difficult. He set out to
find the number of grains of sand to fill the universe, which required much larger numbers than
were ever before needed.
Then the teacher should remind students what an exponent actually is for example:
𝑎3 = 𝑎 ∙ 𝑎 ∙ 𝑎
Then the teacher should introduce the exponent addition rule.
𝑎2 ∙ 𝑎3 = (𝑎 ∙ 𝑎) ∙ (𝑎 ∙ 𝑎 ∙ 𝑎) = 𝑎5
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Based on this example, students should see that the new exponent corresponds to the sum of the
two exponents being multiplied. Therefore the exponent rule can formally be defined as
𝑎𝑚 ∙ 𝑎𝑛 = 𝑎𝑚+𝑛 .
Then the teacher could go through several examples with the students, in order to practice the
concept.
Example 1: 73 ∙ 74
Example 2: 5−2 ∙ 5−4 ∙ 58
Example 3: (−8)5 ∙ (−8)−5
Example 4: 8𝑐 4 ∙ 𝑐 6
Example 5: 4𝑡 −5 ∙ 2𝑡 −3
Example 6: (𝑥 5 ∙ 𝑦 2 )(𝑥 −6 ∙ 𝑦)
Example 7: −𝑚2 ∙ 4𝑟 3 ∙ 12𝑟 −4 ∙ 5𝑚
The teacher could then finish the lesson by showing the following video:
https://www.youtube.com/watch?v=PbgSVh-gWVc. This video will give students a visual
representation of powers of 10.

b. Lesson 2 on Volume
The volumes of various prisms and cylinders are important parts of every high school
geometry curriculum. The following lesson would be appropriate for geometry class. By the end
16

of the lesson, students will be able to apply knowledge of basic prism and cylinder volume
formulas.
This lesson is an inquiry based lesson asking students to solve a smaller version of
Archimedes’ quest to find the number of grains of sand necessary to fill the universe. Students
will explore this by looking at the number of grains of sand necessary to fill smaller containers.
This source of this lesson is https://www-tc.pbs.org/wgbh/nova/archimedes/media/lrk_sand.pdf.
Students will need: a ruler or measuring tape, a box, and a cylindrical can.
First students must calculate the volume of their box and can. In order to do this, they
must first measure the length, width, and height of the box, and the diameter and the height of
their can. Then, students must calculate the volume of their box or can using the formula for
volume of a prism or cylinder, which is volume is equal to the area of the base times the height.
Then students must consider a grain of sand. If they assume a grain of sand is a sphere with a
radius of 0.025cm, they can calculate the volume of a grain of sand by using the formula: 𝑣 =
4
3

𝜋𝑟 3 . Based on their calculations, students can calculate an approximate number of grains

necessary to fill their box and can by dividing the volume of each container by the volume of a
grain of sand. After calculating their results, the class could discuss their findings, and compare
which containers could hold the most and least sand. To confirm their findings, popcorn kernels
could be used to fill each container.
After, students can apply their knowledge to a larger application. If students assume the
volume of the earth is 1.083 𝑥 1027 cm3, then students can calculate the number of grains of
sand necessary to fill the earth (Butler).
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Finally, I would share with students that Archimedes took this a step further, and calculated the
number of grains of sand necessary to fill the universe, which was 1063 grains of sand! (WGBH
Educational Foundation)
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V. The Quadrature of a Parabola
a. Mathematical History of the Quadrature of the Parabola
Parabolas are a widely studied topic in high school mathematics courses. In Archimedes’
time, conic sections such as the parabola were already well known, thanks to Menaechmus.
However, in an age well before calculus topics such as differentiation and integration were
invented, there were no means to find the area of a conic section. Archimedes took on this
challenge by applying the law of the lever to derive geometric results. He specifically focused
on the area bounded by a parabola and a chord. As shown below, Archimedes was able to prove
the area of a parabolic segment is four-thirds the area of the triangle with the same base and
height, which can also be described as the largest inscribed triangle. Archimedes proved it using
the diagram below:

In the diagram, FC is the tangent line to the parabola at C; and FA is parallel to the axis of
symmetry in the parabola. In the above diagram, suppose K is the midpoint of FA. The line HC
can be constructed such that it goes through K and HK = KC.
19

Then, Archimedes applied the law of the lever by supposing that HC is representative of the
lever, K represents the fulcrum, and weights at H and N as shown below:

Based on properties of parabolas it can be stated that

𝑀𝑂
𝑂𝑃

𝐾𝐶

= 𝐾𝑁 or equivalently: 𝑂𝑃 ∙ 𝐻𝐾 = 𝑀𝑂 ∙

𝐾𝑁. This verifies that the above lever is in balance.
If the line OP that makes up the parabolic segment are placed at H and the line MO that makes
1

up the triangle are placed at 𝐾𝐶 on the centroid of the triangle, then it will balance, as shown
3

below.

1
̂ ∙ 𝐻𝐾 = ∆𝐴𝐹𝐶 ∙ 𝐾𝐶
Area 𝐴𝐵𝐶
3
̂ = ∆𝐴𝐹𝐶
Area 𝐴𝐵𝐶
1
̂ = 4 ∆𝐴𝐵𝐶. (Archimedes).
Since 4∆𝐴𝐵𝐶 = 3 ∆𝐴𝐹𝐶, this implies that Area 𝐴𝐵𝐶
3

Archimedes also gave a second and different proof showing the same thing based on the
quadrature of a parabola diagram below (Boyer and Merzbach).
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Let 𝑇 = 𝐴𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶, where ∆𝐴𝐵𝐶 represents the area of the largest inscribed triangle.
1

Archimedes showed that 𝑇 = 4(∆𝐴𝑃𝐵 + ∆𝐵𝑄𝐶) or equivalently 4 𝑇 = ∆𝐴𝑃𝐵 + ∆𝐵𝑄𝐶. This
̂ , 𝑃𝐵
̂ , and 𝑄𝐶
̂ into triangles. Then, the sum
̂ , 𝐵𝑄
process could be continued by dividing arcs: 𝐴𝑃
1

of those triangles would be 16 ∙ 𝑇. Continuing this process it becomes clear that if K= Area of
𝑇

Parabolic Segment ABC, then K can be described by the following infinite series: 𝐾 = 𝑇 + 4 +
𝑇
42

𝑇

4

+ ⋯ + 4𝑛 . Archimedes then determined the sum of the geometric series equaled 3 𝑇 by using
4

a double reductio ad absurdum argument to show that K could neither be more or less than 3 𝑇
(Boyer and Merzbach).

b. Lesson 1 on Quadrature of a Parabola
Learning about the median of a triangle, and centroid, which is the point of concurrency
of the medians is a part of every geometry curriculum. This lesson would be appropriate for a
geometry class. By the end of the lesson, students will be able to find the median of a triangle,
find the centroid, and relate these two geometry ideas to Archimedes’ proof of a quadrature of a
parabola.
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To begin, the teacher should discuss finding the center of gravity of a triangle. It begins
with the median of a triangle. The teacher should define the median as a segment whose
endpoints are a vertex and the midpoint of the opposite side of a triangle.

After finding the median of each side of a triangle, this leads to the centroid or the point of
concurrency of the triangles namely the point where all the medians intersect.
To test this, students could then draw and cut out their own triangles. Then they could find the
median of each side, and the resulting point of concurrency. Students could then determine if the
triangle balances on their finger at the point of concurrency. If it balances, the students know
they correctly identified the center of gravity. The point of concurrency of medians in a triangle
is two thirds the distance from each vertex to the midpoint of the opposite side. Students should
measure their own triangles to justify this property.
As shown below:
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The centroid or center of gravity can be found in other shapes, and it was used by Archimedes to
find the area between a parabola and a line. The teacher should then direct the students to the
1

triangle below. Archimedes found the centroid which is 3 𝐾𝐶. Based on the students recent
knowledge of centroids, the teacher could ask the class how Archimedes knew the centroid is
1
3

̅̅̅̅ is a median.
𝐾𝐶? The class should respond by explaining that 𝐾𝐶

The teacher could conclude the lesson, by having students find the centroid of other triangles.

c. Lesson 2 on the Quadrature of a Parabola
Finding the area under a curve or an area bounded by two curves is a common problem
for calculus students to solve. The following lesson would be appropriate for high school
calculus students as an extension after integrals have been introduced. To start students would
be given the parabola 𝑦 = 𝑥 2 + 1 intersected by the line 𝑦 = 10. By the end of the lesson
students will be able to find the area between the line and the parabola using a modern approach
and Archimedes’ approach.
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First, students will be finding the area between the two curves using algebra and modern
calculus. First, students will be asked to find the intersection of the two curves, such as 𝑦 = 10
and 𝑦 = 𝑥 2 + 1. As shown below.

Students will start by setting the equations equal: 10 = 𝑥 2 + 1 and by solving the equation,
students should quickly see, the intersection points will be at (3,10) and (-3,10). Then, students
will integrate the top line minus the bottom curve:
3

3

∫−3(10 − (𝑥 2 + 1)) 𝑑𝑥 or by symmetry 2 ∫0 (9 − 𝑥 2 ) 𝑑𝑥
1
3
= 2(9𝑥 − 𝑥 3 )
3
0
=36
Then, the students should see that the area between the two curves is 36. Then, students will
check their work using Archimedes’ method for finding the area. To start, students will graph
𝑦 = 𝑥 2 + 1 and 𝑦 = 10. Then, students can construct the largest inscribed triangle. The base
of the triangle will be portion of the line 𝑦 = 10 bounded by the parabola, and the sides of the
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triangle can be constructed by drawing line segments between the vertex of the parabola and the
intersection of the two lines. The picture should look like the image below (Erbas):

Then, students should find the base and height of the triangle, which they should quickly see that
the height is 9 and the base of the triangle is 6. Based on this information, students can calculate
1

the area of the triangle: 𝑇 = 𝐴𝑟𝑒𝑎 𝑜𝑓 ∆𝐴𝐵𝐶 = 2 (9)(6) = 27.
After this students can add in more triangles with the base AB and BC, so that the graph should
look like the graph below.
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Then students can use the property: 𝑇 = 4(∆𝐴𝑃𝐵 + ∆𝐵𝑄𝐶), and by continuing the pattern, we
can define the area between the two curves as the infinite series:

𝐾=𝑇+

𝑇 𝑇
𝑇
+ 2 + ⋯+ 𝑛
4 4
4

Or equivalently,
1 1
1
𝐾 = 𝑇(1 + + 2 + ⋯ + 𝑛 )
4 4
4
At this point students should recognize the geometric series in the above equation. Students can
then use the formula for the sum of a finite geometric series to conclude that the sum of the
infinite geometric series is as follows:
1 𝑛+1
1 − (4)
1
lim (
)=(
)
1
1
𝑛→∞
1−4
1−4
Now that the sum of the geometric series is known, it can be substituted into the formula, as
shown.

𝐾 = 𝑇(

1
1−

1
4

)

4
𝐾= 𝑇
3
Finally using the originally given parabolic segment, students can plug in the T they found
earlier.
4
𝐾 = (27) = 36
3
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This shows that Archimedes’ method matches the modern method of integration. Finally,
students could make up their own parabolic segments, and they could exchange with a partner
and find the area using both methods.

27

VI. Approximating 𝝅
a. Mathematical History of Archimedes’ Approximation of 𝝅
The fascinating relationship between the ratio of the circumference of a circle and its
diameter, had been well known since Babylonian time (Boyer and Merzbach). Egyptians and
Babylonians had approximations for what we now call 𝜋, but Archimedes was able to be more
precise. In Archimedes’ treatise on Measurement of a Circle Proposition 2, he showed how he
10

10

calculated 3 71 < 𝜋 < 3 70 (Boyer and Merzbach).
Using perimeter Archimedes found his approximation of 𝜋. He started by inscribing and
circumscribing a regular hexagon inside a circle, and computing the perimeters of the hexagons.
He continued on with this process by doubling the number of sides of the polygon until he
reached ninety-six sided polygon (Boyer and Merzbach). In general, this gives the sequence: 𝑃𝑛 ,
𝑝𝑛 , 𝑃2𝑛 , 𝑝2𝑛 , 𝑃4𝑛 , 𝑝4𝑛 ,… where 𝑃𝑛 and 𝑝𝑛 are the perimeters of the circumscribed and inscribed
regular polygon with 𝑛 sides (Boyer and Merzbach). He then showed that one could generate the
terms of the sequence by calculating the harmonic and geometric means: 𝑃2𝑛 = 2𝑝𝑛 𝑃𝑛 / (𝑝𝑛 +
𝑃𝑛 ) and 𝑝2𝑛 = √𝑝𝑛 𝑃𝑛 . He calculated these for the third term and successive terms up to 𝑛 = 96
(Boyer and Merzbach). These terms are shown in the table below:
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P6

6.9282032300

p6

6.0000000000

P12

6.4307806182

p12

6.2116570824

P24

6.3193198841

p24

6.2652572265

P48

6.2921724302

p48

6.2787004060

P96

6.2854291992

p96

6.2820639017

This process can also be used by comparing the areas of the circumscribed and inscribed
regular polygons. By looking at the sequence: 𝑎𝑛 , 𝐴𝑛 , 𝑎2𝑛 , 𝐴2𝑛 , 𝑎4𝑛 , 𝐴4𝑛 ,… where 𝐴𝑛 and 𝑎𝑛
are the areas of the circumscribed and inscribed regular polygons with 𝑛 sides. The harmonic
and geometric means can be calculated with area as they were with perimeter: 𝐴2𝑛 =
2𝑎𝑛 𝐴𝑛 / (𝑎𝑛 + 𝐴𝑛 ) and 𝑎𝑛 = √𝑎𝑛 𝐴𝑛 . The areas for terms up to 𝑛 = 96 are shown in the table
below.
a6

2.5980762110

A6

3.4641016150

a12

2.9999999997

A12

3.2153903090

a24

3.1058285410

A24

3.1596599419

a48

3.1326286130

A48

3.1460862149

a96

3.1393502028

A96

3.1427145994
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10

10

This gave Archimedes his approximation of 3 71 < 𝜋 < 3 70 or equivalently 3.14084507 <
𝜋 < 3.142857143, which is a sufficient approximation for most practical applications of
𝜋. This is quite miraculous since Archimedes did not use decimals.

b. Lesson on Archimedes’ Approximation of 𝝅
In this lesson, students will be discovering the amazing relationship between the
circumference and diameter of a circle using the same method Archimedes used. This lesson
would be an appropriate for a high school geometry class, and it would be an excellent extension
of finding the area of a regular polygon.
The class would begin with a square inscribed in a unit circle. The teacher could review
how to find the area of the regular square given only the radius.

Based on properties of squares, we know that the diagonals are perpendicular. This means that
the radii form an isosceles right triangle. Then Pythagorean Theorem can be used to find the side
of the square is √2. This implies that the area of the square, the base times height, will be √2 ∙
√2 = 2.
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Alternatively, trigonometry could be used to find the area of the square. This could be done by
using the radius to divide the square into four triangles. Then students can draw in the apothem,
which the teacher may remind students is length from the center of the circle to the midpoint of
the side of the square or the height of the triangle. As shown below:

Then the measure of the angles in the triangle can be found by 360° ÷ 4 = 90°, then doing
90° ÷ 2 = 45°. This means we can label the angles in the triangle.

Then, students can use trigonometry to figure out the length of the side of the triangle:
2 sin(45°) = √2
After that students should find the 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑆𝑞𝑢𝑎𝑟𝑒 = 2.
Then, the teacher should direct students to draw a square circumscribed in a circle, and split it
into four smaller squares. As shown below.
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Students should see that the square has a side of 2. Since the area of a square is base times
height that means the square has an area of 4. Students should also easily be able to find the area
of a circle, which is 𝜋 ∙ 𝑟 2 or 𝜋 ∙ 12 = 𝜋. Now, the teacher should ask the students how well they
think a square approximates a circle, and how could we get a closer approximation? Students
should respond by suggesting to draw a polygon with more sides.
The teacher should then let the class know that Archimedes didn’t have a calculator with
sine and tangent functions, so he discovered something amazing. He could actually find the area
of subsequent circumscribed and inscribed polygons calculating harmonic and geometric means.
The teacher may want to start with the geometric mean, as students should be more
familiar with the geometric mean since they study it earlier in the year. However, this would be
an excellent time to review it. The geometric mean for a set of 𝑛 numbers can be found by
multiplying the numbers in the set and taking the nth root of the product. For example, the
3

geometric mean of 3, 4, and 5 would be √3 ∙ 4 ∙ 5 ≈ 3.91. Then students can find the geometric
mean of 2 and 4, they should get √2 ∙ 4 = √8 ≈ 2.83.
The teacher should then address what is a harmonic mean? A harmonic mean of a set of
𝑛 numbers, is found when you take 𝑛 and divide by the sum of the reciprocals of the arithmetic
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mean of the reciprocals. For example, the harmonic mean of the set of 3, 4, and 5, would be
3
1 1 1
+ +
3 4 5

= 3.83. Then the students can take a turn finding the harmonic mean of 4 and √8.
1

Students should get

2
1 1
+
√8 4

= 8√2 − 8 = 3.31. Teachers may want to use the fact that

1 1
+
𝑎 𝑏

⁄ = 2𝑎𝑏
2 𝑎+𝑏

to simplify the algebra for struggling students.
After a brief explanation of how Archimedes’ shortcut works, students should get out
their TI-84 calculators. Students can get some programming experience by writing a program
for how Archimedes approximated 𝜋. Students should begin by hitting the program button and
scrolling to the right to NEW. Students will then select option 1: Create New and name the
program something appropriate. Then students will enter the following code:
: PROMPT A
: PROMPT B
: PROMPT N
: 1→K
: WHILE K≤N
: √𝐴𝐵 → 𝐴
:

2𝐴𝐵
𝐴+𝐵

→𝐵

: DISP A
: DISP B
: 𝐾+1→𝐾
: END
: DISP N
: DISP ABS(A-B)
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After students have input the program into their calculator, they should test it out by finding the
areas of the inscribed and circumscribed square, where they already determined that for 𝑛 = 2,
𝐴4 = 4 and 𝑎4 = 2. Then students should use the program to compute the area of polygons for
larger values of 𝑛, such as an octagon, 16-gon, and 32-gon. This should allow students to closely
approximate the area of the circle. To help students stay organized, they should fill in the chart
and answer the questions below.

1. How well does this method approximate 𝜋?
2. Explain why this method works?
3. How could you get a better approximation of 𝜋?
As an extension for more advanced students, the teacher could challenge students to modify the
program to find the perimeter instead of area.
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VII. Archimedes’ Spiral
a. Mathematical History of Archimedes’ Spiral
Like many of the great minds of his time, Archimedes was intrigued by the three
geometric problems of squaring a circle, duplicating a cube, and trisecting an angle using only a
straight edge and compass. Archimedes devised solutions to two of the problems using his
famous spiral. He figured out how to trisect an angle, and how to find the square of a circle
using his spiral. Thus, he turned these two classical problems into a problem of constructing his
spiral using only a straight edge and compass. Archimedes described this in his work On
Spirals, which is often considered his most difficult work.
Instead of the static mathematics of his predecessors, Archimedes considered motion. The
Archimedes’ spiral is defined as the locus of points that correspond to a point starting at the
endpoint of a ray and moving along a ray at a constant velocity, while the ray rotates with a
constant angular velocity (Boyer and Merzbach). If the point is moving along the ray at a
constant velocity of 𝑣1 , then 𝑟 = 𝑣1 𝑡. If the ray is also rotating at a constant counter clockwise
angular velocity of 𝑣0 , then 𝜃 = 𝑣0 𝑡.
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𝑟

𝑣 𝑡

𝑣

If 𝑟 = 𝑣1 𝑡 and 𝜃 = 𝑣0 𝑡, then 𝜃 = 𝑣1 𝑡 = 𝑣1 = 𝑎. Therefore, it can be concluded that the equation
0

0

of the spiral in polar coordinates is 𝑟 = 𝑎𝜃 where 𝑎 is the ratio of linear and angular velocity.

b. Lesson on the Spiral
Every high school pre-calculus class discusses polar coordinates, and that will be the
topic of this lesson. By the end of the lesson, students will be able to write equations and graph
them in polar coordinates.
Previously, students had only learned about the Cartesian coordinate system by plotting
(x,y) on plane, where (x,y) represent distances from the two perpendicular axis. In this lesson
students will expand their knowledge to reach polar coordinates. In a polar coordinate system, a
point is chosen as the pole or the origin, and is typically labeled O. Then a ray is drawn from O,
which is called the polar axis. If P represents any other point on the plane, and r is the distance
from O to P and 𝜃 is the angle between the polar axis and the line OP. If the radius is negative,
then, the radius should be drawn in the opposite direction. The point, P, is represented by the
polar coordinates (r,𝜃). See the diagram below:
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Next, the teacher should pass out several blank polar graphs. Then, she should demonstrate how
to graph on a polar plane. For example: To plot P(2,
at the angle

3𝜋
2

3𝜋
2

), one would draw a radius 2 units long

. As shown below.

After that, students should try graphing several points on their own.

1. (1,

5𝜋
4

)

𝜋

2. (2, 4 )
3. (-1,

2𝜋
3

)

Another important topic, is the conversion of polar coordinates to Cartesian coordinates and
Cartesian coordinates to polar coordinates. Then, the teacher should ask students to draw the
following diagram in their notes.
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As can be seen in the diagram above, in order to convert from polar to Cartesian coordinates, one
𝑥

𝑦

can find the lengths x and y, using trigonometry. Since we know 𝑐𝑜𝑠 𝜃 = 𝑟 and 𝑠𝑖𝑛 𝜃 = 𝑟 , this
𝜋

implies that 𝑥 = 𝑟 𝑐𝑜𝑠 𝜃 and 𝑦 = 𝑟 𝑠𝑖𝑛 𝜃. For example to convert (2, 3 ) to Cartesian
coordinates, we know 𝑟 = 2 and 𝜃 =

𝑦 = 2 𝑆𝑖𝑛

𝜋
3

𝜋

1

so that means that 𝑥 = 2 𝐶𝑜𝑠 3 = 2 ∙ 2 = 1

𝜋
√3
=2∙
= √3
3
2

Therefore, the Cartesian coordinates would be (1, √3).
If the 𝑥 and 𝑦 coordinates are known, then trigonometry can again be used to covert from
𝑦

𝑦

Cartesian to polar coordinates. We know 𝑡𝑎𝑛𝜃 = 𝑥 or equivalently, 𝜃 = 𝑡𝑎𝑛−1 (𝑥 ) and by
Pythagorean Theorem 𝑥 2 + 𝑦 2 = 𝑟 2 or equivalently, 𝑟 = √𝑥 2 + 𝑦 2 . To convert, (1, √3) to
polar, we can substitute in 𝑥 and 𝑦 and solve for 𝜃 and 𝑟.
𝜃 = 𝑡𝑎𝑛−1 (√3) =

𝜋
3

𝜋

or 3 + 𝜋 since

1
√3

𝜋

is in the first quadrant then 𝜃 = 3 .

𝑟 = √12 + (√3)2 = 2
𝜋

Again we are in the first quadrant so the polar coordinates will be (2, 3 ).
Finally, the class will conclude by talking about one of the most famous polar graphs,
Archimedes’ spiral. Imagine a bug crawling on a stick (the ray) while the stick is rotating
counter clockwise. This is the basic premise behind Archimedes’ spiral, which is given by the
𝐿𝑖𝑛𝑒𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦

equation 𝑟 = 𝑎𝜃 where 𝑎 = 𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦. Then, the class should take out their TI-84
calculators. It is then important to change the plot format to polar by hitting the MODE button
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and selecting Pol for Polar. Then, students can go back, and input the equation, 𝑟 = 𝜃. Students
should be careful to check that the calculator is in radians or degrees depending on the way 𝜃 is
presented. Students should also be careful to set the window. The teacher may want to
𝜋

recommend setting the window (0 to 4𝜋) with a step of 24 ≈ 0.13.
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VIII. Trisecting an Angle
a. Mathematical History of Trisecting an Angle
One of the primary reasons Archimedes developed his famous spiral was his love of the
three classic geometric problems, one of which was to trisect an angle. In Euclid’s Elements
Book 1, proposition 9, Euclid showed that it was possible to bisect an angle using a straight edge
and compass. Euclid showed that starting with ∠𝐵𝐴𝐶, a point D can be chosen on AB. Then,
another point E can be chosen on AC such that AD=AE. Finally, an equilateral triangle ∆𝐷𝐸𝐹
should be constructed on DE, and the points A and F should be connected. Euclid concluded
that ∠𝐵𝐴𝐶 is bisected by AF since AD=EF, and ∠𝐷𝐴𝐹 = ∠𝐸𝐴𝐹 and therefore ∠𝐵𝐴𝐶 is bisected
by AF.

Since ∠𝐵𝐴𝐶 is bisected by bisecting DE with AF, it seems logical that an angle could be
trisected by trisecting line DE using a ruler and compass. However, this proved quite
challenging since trisecting a line segment does not lead to trisecting an angle. Although
Archimedes didn’t use a straight edge and compass, Archimedes was able to devise a way to
trisect an angle, which he described in his Book of Lemmas. Archimedes started with an angle 𝜃
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with point S as the vertex. Then, Archimedes constructed a circle centered at S, and then the
intersection of the circle and the two rays on the angle can be labeled as A and B. Therefore, the
radius 𝑟 = 𝑆𝐴 = 𝑆𝐵. Then, Archimedes marked off the length of the radius, and determined the
point Q on the extended diameter so that when the line QB is drawn, it will intersect the circle at
a point P with QP=radius.

Based on the diagram, 𝑃𝑆 = 𝑃𝑍 = 𝑟, which means that Δ𝑄𝑃𝑆 is an isosceles triangle. By the
isosceles triangle theorem, ∠𝑃𝑄𝑆 = ∠𝑃𝑆𝑄 = 𝜌. It can also be concluded that ∠𝑆𝑃𝐵 = 2𝜌 by
the triangle exterior angle theorem. Δ𝑃𝑆𝐵 is also an isosceles triangle because 𝑃𝑆 = 𝐵𝑆 = 𝑟.
Therefore, by the isosceles triangle theorem∠𝑆𝑃𝐵 = ∠𝑆𝐵𝑃 = 2𝜌. Again, applying the exterior
triangle theorem for Δ𝑄𝑆𝐵, this implies 𝜃 = 𝜌 + 2𝜌 or 𝜃 = 3𝜌. This shows that 𝜌 =
1
3

𝜃 (Woltermann). Although 𝜃 is trisected, the problem is then to construct 𝑄𝑃 with a straight

edge and compass.
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It is also possible to trisect an angle using Archimedes’ spiral. To trisect ∠𝐴𝑂𝑃,
Archimedes spiral can be overlaid over the angle. Then, one can draw a circle with radius, 𝑟 =
𝑂𝑃, and divide the radius into three equal parts. Then one can draw a circle with radii:

𝑟

and
3

2𝑟
3

.

After that, the intersection points of the two smaller circles and Archimedes’ spiral can labeled L
and M and let ∠𝐴𝑂𝐿 = 𝜓.

1

It can be shown that 𝜓 = 3 𝜃 as follows:
1
𝑟 = 𝑎𝜓
3
1
3

(𝑎𝜃) = 𝑎𝜓 (𝑟 = 𝑎𝜃)
1

𝜓 = 3𝜃

b. Lesson on Bisecting and Trisecting an Angle
Straightedge and compass constructions have been a part of geometry since Euclid. This
class is appropriate for a high school geometry class, and by the end of the lesson the students
will be able to bisect an angle using a straightedge and compass and trisect an angle using
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Archimedes’ method. Students will also be able to explain why the method of bisecting an angle
does not work for trisecting an angle.
First, the teacher should ask students to take out their straightedge and compass. The
teacher may want to give students a few minutes to get familiar with their compass, especially if
this is the first time they will be used. After students have had the opportunity to try out their
tools, the teacher should demonstrate step by step how to bisect an angle such as ∠𝐴 below.
First students should put one point of their compass on point A and draw an arch intersecting the
two rays of the angle, such that the center of the arch is A. The students should label the
intersection of this arch and the rays as points B and C. Then students can put the point of their
compass on B and open the compass to a radius of BC and draw an arch with the center at B and
another arch with the center at C. Then students can label the intersection of these two archs as
point D. Finally students should draw a ray connecting A and D. This ray bisects ∠𝐵𝐴𝐶. It is
important to note that this method only works for bisecting an angle.

After the teacher demonstrates how to bisect an angle, she should facilitate a discussion about
why AD bisects ∠𝐵𝐴𝐶? Students should be able to observe that ∆𝐴𝐵𝐸 is congruent to ∆𝐴𝐶𝐸 by
SSS. Next, the teacher should ask students to draw an acute angle, an obtuse angle, and a right
angle. Then students should repeat the process to bisect each of these angles.
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After students have had the chance to practice bisecting an angle, the teacher should
provide some history. It has been known for centuries how to bisect an angle. So if it is possible
to bisect an angle by bisecting a line segment, what about trisecting an angle by trisecting a line
segment? This would be a good time to discuss how to trisect a line segment such as AB below.
⃗⃗⃗⃗⃗ intersecting with AB. Then, students should use the
First, students should draw a ray 𝐴𝐶
compass to draw a circle with radius AC and center C. Let D be the intersection of the circle and
⃗⃗⃗⃗⃗
𝐴𝐶 . Again, students should use the compass to draw a circle with radius CD centered at D. Let
⃗⃗⃗⃗⃗ . Then, students can draw a line connecting B and E.
E be the intersection of this circle and 𝐴𝐶
Finally, students can construct CG and DF such that they are parallel to BE. As shown below.

G and F trisect the line AB, since the triangles ∆𝐶𝐴𝐺, ∆𝐷𝐴𝐹, ∆𝐸𝐴𝐵 are all similar. Details are
left to the students.
Then, students should try to apply this to try to trisect an angle.

This should lead to a good class discussion regarding whether this method of trisecting a line
works to trisect an angle. The teacher may want to remind the students how they showed the
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angle was bisected. Does the same reasoning still work? Are there any congruent triangles in
this picture? Does this method work to trisect an angle? Students should see that there are no
congruent triangles and therefore we cannot show the angles are trisected. The teacher should
inform students that it is impossible to trisect an angle using only a straightedge and compass.
Although Archimedes found more than one way to do so using his methods. However, he used
constructions that cannot be done using a straightedge and compass.
The teacher should then help the students trisect an angle using Archimedes method. She
should first ask students to draw an angle and label it 𝜃. Then, the teacher should instruct
students to use their compass to draw a circle centered at S, and to label the intersection of the
circle as A and B. The teacher should, then ask the students to measure the radius, and to draw
the point Q such that QB intersects the circle at P and 𝑄𝑃 = 𝑟. At this point the teacher may
want to take a moment to circulate around the room and check students’ progress. The teacher
may also want to have the following diagram on the board for students to reference.

The teacher should then ask the students to point out the two isosceles triangles in the
diagram. Students should point out triangles, Δ𝑄𝑃𝑆 and Δ𝑃𝑆𝐵. The teacher should then review
the isosceles triangle theorem, which states that if two legs of a triangle are congruent, then the
two base angles will also be congruent. The teacher should then ask the class, if the measure of
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∠𝑃𝑄𝑆 = 𝜌, then what is the measure of ∠𝑃𝑆𝑄? Students should quickly respond that ∠𝑃𝑆𝑄 =
𝜌, and the students should label this in the diagram. Then the teacher should review the triangle
exterior angle theorem, which states that the exterior angle of a triangle is equal to the sum of
two non-adjacent angles in the triangle. So, the teacher should ask the class to take a few
moments with a partner to find the measure of ∠𝐵𝑃𝑆 and ∠𝑆𝐵𝑃. Students should quickly see
that ∠𝐵𝑃𝑆 = ∠𝑆𝐵𝑃 = 2𝜌. After checking students work, the teacher should then ask the class
to trace over Δ𝑄𝐵𝑆, and ask them to find out what 𝜃 is in terms of 𝜌. < 𝑃𝑆𝐵 = 180 − 4𝑝 by the
triangle angle sum theorem, and then it follows that 𝜌 + 180 − 4𝜌 + 𝜃 = 180. Students should
1

see that 𝜃 = 3𝜌 or equivalently 𝜌 = 3 𝜃 as was previously shown.
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IX. The Cattle Problem
a. Mathematical History of the Cattle Problem
In 1773 G. E. Lessing found a manuscript in the Herzog August Library in Germany that
described a 24 verse Greek epigram, which Archimedes once solved (Joyce). After solving this
riddle, Archimedes wrote a letter to Eratosthenes of Cyrene, and the epigram, as translated by
Ivor Thomas is as follows:
If thou art diligent and wise, O stranger, compute the number of cattle of the Sun, who
once upon a time grazed on the fields of the Thrinacian isle of Sicily, divided into four herds of
different colours, one milk white, another a glossy black, a third yellow and the last dappled. In
each herd were bulls, mighty in number according to these proportions: Understand, stranger,
that the white bulls were equal to a half and a third of the black together with the whole of the
yellow, while the black were equal to the fourth part of the dappled and a fifth, together with,
once more, the whole of the yellow. Observe further that the remaining bulls, the dappled, were
equal to a sixth part of the white and a seventh, together with all of the yellow.
To solve this riddle, a system of equations can be written, and solved. This was solved
by J. F. Wurm and the solution is given in Ivor Thomas Volume 2, pg 203,
Let:
𝑋, 𝑥 = the number of white bulls and cows respectively
𝑌, 𝑦 = the number of black bulls and cows respectively
𝑍, 𝑧 = the number of yellow bulls and cows respectively
𝑊, 𝑤 = the number of dappled bulls and cows respectively
According to the epigram, the following equations are determined:
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(a) 𝑋 = (2 + 3) 𝑌 + 𝑍
(b) 𝑌 = (4 + 5) 𝑊 + 𝑍
(c) 𝑊 = (6 + 7) 𝑋 + 𝑍
(d) 𝑥 = (3 + 4) 𝑌 + 𝑦
(e) 𝑦 = (4 + 5) 𝑊 + 𝑤
(f) 𝑤 = (5 + 6) 𝑍 + 𝑧
(g) 𝑧 = ( + ) 𝑋 + 𝑥
(h) 𝑋 + 𝑌 =a rectangular number
(i) 𝑍 + 𝑊 =a triangular number
Solving equations (a)-(g) gives the values in terms of an unknown integer, 𝑛.
𝑋 = 10366482𝑛
𝑌 = 7460514𝑛
𝑍 = 4149387𝑛
𝑊 = 7358060𝑛
𝑥 = 7206360𝑛
𝑦 = 4893246𝑛
𝑧 = 5439213𝑛
𝑤 = 3515820𝑛
The next step in solving this system is to look at the other two clues we are given in the epigram,
which implies that (h) 𝑋 + 𝑌 =a rectangular number and (i) 𝑍 + 𝑊 =a triangular number. If
equation (h) is satisfied, then (i) will also be satisfied. Equation (i) implies that 𝑍 + 𝑊 =
for a positive integer, 𝑝. Equivalently, (4149387 + 7358060)𝑛 =
4657)𝑛 =

𝑝(𝑝+1)
2

𝑝(𝑝+1)
2

𝑝(𝑝+1)
2

and (2471 ∙

, and this is satisfied when 𝑛 = 33 ∙ 4349. Then the final solution is
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𝑋 = 1217263415886
𝑌 = 876035935422
𝑍 = 487233469701
𝑊 = 864005479380
𝑥 = 846192410280
𝑦 = 574579625058
𝑧 = 638688708099
𝑤 = 412838131860
This means that the total is 5916837175686.
Not all mathematicians agree on the interpretation of equation (h). According to Ivor
Thomas, if equation (h) is interpreted to be a square number then, 𝑤 = 1598 followed by
206541 more digits. How likely would it have been for Archimedes to have discovered this?

b. Lesson on the Systems of Equations
Archimedes’ famous cattle problem involves an epigram for which the reader must first
define variables, interpret the epigram into a system of equations, and solve. These skills are
incredibly important for young mathematicians to develop. The following lesson would be
appropriate for an algebra 1 course, as an extension of a solving systems of equations unit. By
the end of the lesson, the students should be able to interpret a word problem, define variables,
write a system of linear equations, and solve.
To begin the lesson, the teacher may want to review the three ways to solve a system of
linear equations, which are substitution, elimination, and graphing. As a bell work assignment,
the teacher should give a system of linear equations such as, 𝑥 + 𝑦 = 6 and −3𝑥 + 𝑦 = 2 and
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ask them to solve it using two different methods. After giving the students time to try the
system, the teacher should ask two students to come up to the front of the class and explain how
they solved the system. Students should get 𝑥 = 1 and 𝑦 = 5.
After a short review, the teacher should explain how solving systems of equations is a
mathematical concept that has been around since the time of Archimedes, and solving systems of
equations has many applications outside of the classroom. Archimedes studied a famous
problem now referred to as Archimedes’ cattle problem, and the teacher may also want to read
the epigram to the class. Then the teacher should talk about how a mathematician approaches a
challenging problem such as this one. First, students should read the problem to get an idea
about the general problem. Next, students should re-read the problem focusing on the relevant
information. Third, students should define variables. Next, students should write their system of
equations and solve. Finally, students should check the validity of their answers in the context of
the problem (Does this make sense?).
The teacher should then review a simple word problem with the students. For example,
the sum of two numbers is 72 and the difference is 38. Find the two numbers. After reading the
problem, students should re-read the problem. The teacher should ask the students what the key
words were in the problem. One important word is “sum”, and the teacher should review that
sum means to add numbers. Another key word is “difference”, and the teacher should review
that difference means to subtract two numbers. Next, variables must be defined. Since the
difference is not zero, it’s obvious that one number must be bigger than the other. Let 𝑏 =
𝑏𝑖𝑔𝑔𝑒𝑟 𝑛𝑢𝑚𝑏𝑒𝑟 and 𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑛𝑢𝑚𝑏𝑒𝑟. Now using the key words and variables the class
should be able to come up with two equations:
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𝑏 + 𝑠 = 72 and 𝑏 − 𝑠 = 38. Finally, these two equations can be quickly solved by adding the
two equations to get 𝑏 = 55 and 𝑠 = 17.
The teacher should then give the students two more problems to solve:
1. Three times the smaller of the two numbers is six more than the greater. If they differ by 46,
find the two numbers.
2. Five times the smaller of the two numbers is equal to twice the larger.
After students have had a chance to get more comfortable with interpreting and solving
simpler systems of equations problems, the teacher may want to pose the following ancient
riddle about another mathematician, Diophantus, who is sometimes referred to as the father of
algebra.
“Here lies Diophantus.
God gave him his boyhood one-sixth of his life;
One twelfth more as youth while whiskers grew rife;
And then yet one-seventh ‘ere marriage begun.
In five years there came a bouncing new son;
Alas, the dear child of master and sage,
After attaining half the measure of his father's life, chill fate took him.
After consoling his fate by the science of numbers for four years, he ended his life.”
(Cohen and Drabkin)
To tackle this problem, the teacher should walk the class through the same procedure. They can
let 𝐷 =Diophantus’s age when he died, and 𝑆 =Diophantus’s son’s age when he died. Based on
clues in the riddle, the class should be able to determine the following two equations:
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1 1 1
𝐷=( +
+ )𝐷 + 5 + 𝑆 + 4
6 12 7
1
𝑆= 𝐷
2
By using substitution, each student should be able to find out how old Diophantus and his son
were when they died. After working on the problem, the teacher may want to review the
solution, which was that Diophantus was 84 when he died and his son was 42.
As a final part of the lesson, the teacher may want to go back to Archimedes’ cattle
problem. As a challenge problem, the teacher should encourage the students to try to write the
equations to represent the problem.
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X. Surface Area and Volume of a Sphere
a. Mathematical History of the Surface Area and Volume of a Sphere
Archimedes had many undeniably brilliant discoveries throughout his life, but
Archimedes was most proud of his discovery that a sphere inscribed in a cylinder has a volume
2

that is the volume of a right circular cylinder whose height is equal to its diameter and the
3

2

surface area of a sphere is 3 the surface area of the cylinder. He wrote about this in his work On
2

the Sphere and Cylinder. To discover that the volume of a sphere is 3 the volume of the cylinder,
Archimedes used the law of the lever as he had done for the quadrature of a parabola. He began
̅̅̅̅ = 𝑟, ̅̅̅̅
with the diagram below. In the diagram, let 𝑂𝐵
𝑋𝑇 = 𝑥 = ̅̅̅̅
𝐴𝑋, and ̅̅̅̅
𝑋𝑅 = 𝑦.

̅̅̅̅2 by Pythagorean Theorem.
̅̅̅̅ = 2𝑟, and 𝑥 2 + 𝑦 2 = 𝐴𝑅
Based on the diagram we can conclude, 𝐸𝐵
̅̅̅̅2 = 𝑥 ∙ 2𝑟.
Applying the Bride’s chair Pythagorean Theorem proof to ∆𝐴𝑅𝐵, it follows that 𝐴𝑅
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̅̅̅̅ has
Therefore, Archimedes could determine that 𝑥 2 + 𝑦 2 = 𝑥 ∙ 2𝑟. In the diagram above, 𝐴𝐵
been extended to point W so that ̅̅̅̅̅
𝑊𝐴 = 2𝑟 = ̅̅̅̅
𝐴𝐵 . Then the entire diagram is rotated about the
axis ̅̅̅̅̅
𝑊𝐵 to form several volumes of revolution as shown in the diagram below.

This implies that the circle with center O generates a sphere with radius r, ∆𝐸𝐴𝐹 generates a
cone with a base radius of 2r and a height of 2r, and rectangle 𝐸𝐹𝐺𝐻 generates a cylinder with a
̅̅̅̅
̅̅̅̅̅, 𝑃𝑄
base radius of 2r and a height of 2r. Furthermore, after the diagram is rotated about 𝑊𝐵
then generates a plane that intersects the cone, sphere, and cylinder. The plane determined by
̅̅̅̅ and the cone is a circle 𝐶1 of radius x. The plane determined by the
the intersection of 𝑃𝑄
intersection of ̅̅̅̅
𝑃𝑄 and the sphere forms the circle 𝐶2 of radius y. The plane determined by the
intersection of ̅̅̅̅
𝑃𝑄 with the cylinder is a circle 𝐶3 of radius 2r.
Since it was determined that 𝑥 2 + 𝑦 2 = 𝑥 ∙ 2𝑟 this implies:
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𝑥 2 + 𝑦 2 𝒙 ∙ 𝟐𝒓
𝒙
=
=
(𝟐𝒓)𝟐
(𝟐𝒓)𝟐 𝟐𝒓
and,
𝜋𝑥 2 + 𝜋𝑦 2
𝒙
=
𝟐
𝝅(𝟐𝒓)
𝟐𝒓

Equivalently,
(𝜋𝑥 2 + 𝜋𝑦 2 )2𝑟 = 𝜋(2𝑟)2 ∙ 𝑥
Based on Archimedes previous findings on the law of the lever, the circles corresponding to 𝐶1
and 𝐶2 will balance 𝐶3 as shown below.

55

Since the circles corresponding to 𝐶1 and 𝐶2 will balance 𝐶3 , this implies that that when put
together the sphere and cone at W balances the cylinder at its center of gravity O. Therefore, this
implies that

𝑆𝑝ℎ𝑒𝑟𝑒+ 𝐶𝑜𝑛𝑒
𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟

̅̅̅̅
𝐴𝐷

1

= ̅̅̅̅̅
= 2 and by cross multiplication it follows that
𝐴𝑊
2(𝑆𝑝ℎ𝑒𝑟𝑒 + 𝐶𝑜𝑛𝑒) = 𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 3 ∙ 𝐶𝑜𝑛𝑒𝑠

which was first discovered by Democritus (O'Connor and Robertson).
By distribution, the equation becomes
2 ∙ 𝑆𝑝ℎ𝑒𝑟𝑒 + 2 ∙ 𝐶𝑜𝑛𝑒𝑠 = 3 ∙ 𝐶𝑜𝑛𝑒𝑠
2 ∙ 𝑆𝑝ℎ𝑒𝑟𝑒𝑠 = 𝐶𝑜𝑛𝑒 𝐸𝐴𝐹
Since 𝐶𝑜𝑛𝑒 𝐸𝐴𝐹 has a radius of 2r and a height of 2r, and 𝐶𝑜𝑛𝑒 𝐶𝐴𝐷 has radius and height of r,
this implies:
𝐶𝑜𝑛𝑒 𝐸𝐴𝐹 = 8 ∙ 𝐶𝑜𝑛𝑒 𝐶𝐴𝐷.
2 ∙ 𝑆𝑝ℎ𝑒𝑟𝑒𝑠 = 8 ∙ 𝐶𝑜𝑛𝑒 𝐶𝐴𝐷
Equivalently,
1 𝑆𝑝ℎ𝑒𝑟𝑒 = 4 ∙ 𝐶𝑜𝑛𝑒 𝐶𝐴𝐷
1

This means, when applying the formula for the volume of a cone is 3 of the area of the base times
the height, Archimedes got the following,
1
𝑆𝑝ℎ𝑒𝑟𝑒 = 4 ( (𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝐺𝑟𝑒𝑎𝑡 𝐶𝑖𝑟𝑐𝑙𝑒) ∙ 𝑟)
3
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And since the volume of a circumscribed cylinder is the area of the base times twice the radius,
this implies,

𝑆𝑝ℎ𝑒𝑟𝑒 =

2
𝐶𝑖𝑟𝑐𝑢𝑚𝑠𝑐𝑟𝑖𝑏𝑒𝑑 𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟
3

Of all the amazing things Archimedes did throughout his life, he was most proud of this
discovery, and Archimedes requested to have a sphere inscribed in a cylinder engraved on his
tombstone.
Archimedes was a master at seeing problems in different light. Just as he approximated
area of a circle by dividing a circle into multiple sectors. As shown below.

The area of the sectors can be approximated by the formula for an area of a triangle, where the
ℎ𝑒𝑖𝑔ℎ𝑡 = 𝑟 and 𝑏𝑎𝑠𝑒 = 𝑏𝑖 . Then, the area of the circle would be the sum of those triangles or
1

1

𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝐶𝑖𝑟𝑐𝑙𝑒 = 2 𝑟 ∙ ∑ 𝑏𝑖 = 2 𝑟 ∙ 𝐶𝑖𝑟𝑐𝑢𝑚𝑓𝑒𝑟𝑒𝑛𝑐𝑒. This is actually, the formula for the
area of a right triangle with a base equal to the circumference and a height equal to the radius.
1

Equivalently, the area of a circle becomes 2 2𝜋𝑟 ∙ 𝑟 = 𝜋𝑟 2.
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Archimedes applied this principle to find the volume of a sphere. He thought of a sphere
as the sum of the volume of cones with height equal to the radius and the base of the cone on the
surface of the sphere. This is shown below.

Based on the cones, Archimedes stated that the 𝑉𝑜𝑙𝑢𝑚𝑒𝑆𝑝ℎ𝑒𝑟𝑒 = ∑ 𝑉𝑜𝑙𝑢𝑚𝑒𝐶𝑜𝑛𝑒𝑠 . If the base of
the cone is represented by 𝐵𝑖 , then applying the formula for the volume of a cone this implies
1

𝑉𝑜𝑙𝑢𝑚𝑒𝑆𝑝ℎ𝑒𝑟𝑒 = ∑ 3 𝑟𝐵𝑖
1
𝑉𝑜𝑙𝑢𝑚𝑒𝑆𝑝ℎ𝑒𝑟𝑒 = 𝑟 ∑ 𝐵𝑖
3
However, the sum of the circular bases of the cones actually represent the surface area of the
1

sphere. This implies that the 𝑉𝑜𝑙𝑢𝑚𝑒𝑆𝑝ℎ𝑒𝑟𝑒 = 3 𝑟 ∙ 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑆𝑝ℎ𝑒𝑟𝑒.
As Archimedes, previously showed, the volume of the sphere is
1

𝑉𝑜𝑙𝑢𝑚𝑒𝑆𝑝ℎ𝑒𝑟𝑒 = 4(3 ∙ 𝐴𝑟𝑒𝑎 𝑜𝑓 𝐺𝑟𝑒𝑎𝑡 𝐶𝑖𝑟𝑐𝑙𝑒 ∙ 𝑟) or equivalently,
1

𝑉𝑜𝑙𝑢𝑚𝑒𝑆𝑝ℎ𝑒𝑟𝑒 = 3 𝑟(4 ∙ 𝐴𝑟𝑒𝑎 𝑜𝑓 𝐺𝑟𝑒𝑎𝑡 𝐶𝑖𝑟𝑐𝑙𝑒𝑠) and as also shown above
1

𝑉𝑜𝑙𝑢𝑚𝑒 = 3 𝑟 ∙ 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑆𝑝ℎ𝑒𝑟𝑒.
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Therefore, 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑆𝑝ℎ𝑒𝑟𝑒 = 4 ∙ 𝐴𝑟𝑒𝑎 𝑜𝑓 𝐺𝑟𝑒𝑎𝑡 𝐶𝑖𝑟𝑐𝑙𝑒𝑠
Although, it is believed that Egyptians knew how to find the surface area of a hemisphere,
Archimedes seems to be the first to show the surface area of a sphere is 4 times the area of a
great circle in the sphere (Boyer and Merzbach).
Archimedes knew that the surface area of the circumscribed cylinder is equivalent to the 2 top
and bottom circles plus the lateral area, which is 2𝜋𝑟 ∙ 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 or 4 great circles for a total of
2

6 great circles. Therefore, 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑎 𝑆𝑝ℎ𝑒𝑟𝑒 = 3 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎 𝑜𝑓 𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟. Thus
2

he showed the volume and surface area of the sphere are 3 of the corresponding cylinder. This
can easily be proved today using calculus. It is incredible that Archimedes was able to apply the
law of the lever to correctly discover the surface area of a sphere, he then proved it using a
double reducto argument. This was a precursor to limits and laid a foundation for calculus.

b. Lesson on Surface Area and Volume of a Sphere
In all high school geometry courses, students study the surface area and volume of a
sphere based on the formulas that Archimedes discovered centuries ago. This lesson would be
appropriate for a high school geometry course. By the end of the lesson, students will be able to
calculate the volume and surface area of a sphere. This lesson would be best suited to be taught
at the end of a surface area and volume chapter after students have already been introduced to the
idea of surface area and volume, and students should be familiar with other surface area and
volume equations like prisms, cylinders, cones, and pyramids.
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First, the teacher should introduce the formula for the volume of a sphere, which is
4

𝑉𝑆𝑝ℎ𝑒𝑟𝑒 = 3 𝜋𝑟 3 . Then, using the formula the teacher may want to try an example such as a
4

sphere with radius 5 inches. This implies is 𝑉𝑆𝑝ℎ𝑒𝑟𝑒 = 3 𝜋53 = 167𝜋 𝑖𝑛3 .

Then the teacher

should give the students several problems for to try, and she should encourage students to leave
their answers in terms of 𝜋.
1. Find the volume of a sphere with a radius of 700 meters.
2. Find the volume of a sphere with a diameter of 24 feet.
3. Find the volume of a sphere with a diameter of 14 inches.
Then, the teacher should introduce the formula for surface area of a sphere, which is
𝑆𝐴𝑆𝑝ℎ𝑒𝑟𝑒 = 4𝜋𝑟 2 . Using the formula the teacher should then go through an example such as a
sphere with a radius of 10 cm. This implies that 𝑆𝐴𝑆𝑝ℎ𝑒𝑟𝑒 = 4𝜋102 = 400𝜋 𝑐𝑚2. After that the
teacher should give students several to try on their own, and again she should request students to
leave answers in terms of 𝜋.
1. Find the surface area of a sphere with a radius of 50 feet.
2. Find the surface area of a sphere with a diameter of 16 inches.
3. Find the surface area of a sphere with a radius of 12 miles.
After students have had a chance to familiarize themselves with the formulas for volume
and surface area of a sphere, then the teacher should take it a step further to help students
discover some interesting relationships based on Archimedes findings.

To start students should
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consider 3 shapes: a cylinder, a cone, and a sphere. Each of these shapes should have the same
radius and height should be equal to twice the radius. For example:

First the teacher may want to ask students to predict which will have the largest and smallest
volume, and ask students to predict if there will be any type of relationship between the volumes
of the three shapes. Then, the teacher should review the formulas of the three shapes, and the
class should apply the formulas to find the volume of each shape.
𝑉𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 𝜋𝑟 2 ∙ ℎ = 𝜋32 ∙ 6 = 54𝜋

𝑉𝐶𝑜𝑛𝑒 =

1 2
1
𝜋𝑟 ∙ ℎ = 𝜋32 ∙ 6 = 18𝜋
3
3

4
4
𝑉𝑆𝑝ℎ𝑒𝑟𝑒 = 𝜋𝑟 3 = 𝜋33 = 36𝜋
3
3
Since these three shapes all have the same radius and the same height of twice the radius, it may
be helpful for students to picture the cone and sphere inside the cylinder.
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After finding the volumes the class should have a discussion about the relationships between the
1

three shapes. First, students should notice that the cone is exactly 3 of the volume of the
cylinder, which students may have been able to predict since the formula for the volume of a
1

cone is exactly 3 of the volume of the cylinder. Then students, should consider the relationship
between the cylinder and the sphere and the cone. Students should quickly notice that the volume
of the sphere is twice the volume of the cone since 2 ∙ 18𝜋 = 36𝜋, and in general, this means
2

that the volume of the sphere is 3 of the volume of the cylinder. This can be demonstrated using
the formulas for volume of a cylinder and volume of a sphere.
𝑉𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 𝜋𝑟 2 ∙ ℎ
However, this cylinder has a height equal to twice the radius, so a substitution can be made, ℎ =
2𝑟.
𝑉𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 𝜋𝑟 2 ∙ (2𝑟)
2

As students saw in the previously, the volume of the sphere is 3 of the volume of the cylinder.
2
2
𝑉𝑆𝑝ℎ𝑒𝑟𝑒 = 𝑉𝐶𝑦𝑙𝑖𝑛𝑑𝑒𝑟 = 𝜋𝑟 2 ∙ (2𝑟)
3
3
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After simplifying students should see a familiar formula:
4
𝑉𝑆𝑝ℎ𝑒𝑟𝑒 = 𝜋𝑟 3
3
Finally the teacher should share with students that it was his use of the law of the lever that led
Archimedes to find the formula for the volume of a sphere. Of all the amazing things
Archimedes studied and discovered, he considered this his most proud achievement. He even
had a sphere inside a cylinder inscribed above his tomb.
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XI. Conclusion
Archimedes was truly the greatest mathematician of antiquity, and he is well known for
his problem solving approaches using an innovative, outside the box way of thinking. This is
probably why kings and military officials often called on his expertise. As shown, Archimedes
had many important contributions to the field of mathematics, from the law of the lever to
deriving formulas for the volume and surface area of a sphere. Many of the concepts that
students learn in their high school mathematics courses are based on some of Archimedes most
brilliant discoveries. Learning the background where these ideas originated and discovering why
they work is important for students to gain a thorough understanding of them. Bringing
Archimedes into the classroom can teach students the techniques they need to solve the problems
and challenges present in today’s world.
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